In this paper, we give a set of sufficient conditions for the normalized form of the generalized Bessel function to be univalent in the open unit disk, and further we obtain certain inequalities containing normalized Bessel functions.
Introduction
Let U = {z ∈ C : |z| < 1} be the open unit disk. The generalized Bessel function of first kind w = J ν,c , ν ∈ R, c ∈ C, is defined as the particular solution of the second-order linear homogeneous differential equation (1.
2)
The differential equation (1.1) permits the study of Bessel and modified Bessel functions all together. It is worth mentioning that, in particular, when c = 1, we obtain the Bessel function J ν,1 = J ν , and for c = −1, the function J ν,−1 becomes the modified Bessel function I ν .
We consider the function K ν,c : U → C, which is defined by the following transformation [1, 2] :
By using the well-known Pochhammer (or Appell) symbol, defined for a ̸ = −1, −2, . . . , by
we obtain the following representation for the function K ν,c (z):
, (z ∈ U; ν ̸ = −1, −2, . . .). We also observe that the function K ν,c (z) satisfies the following identity:
(1.5)
Next we define a class Φ of complex functions. 
(ii) (0, 0, 0) ∈ D; and |φ(0, 0, 0)| < 1;
To prove our main result, we will need the following lemmas.
Lemma 1 ([3,4]). Let the (non-constant) function w(z) be analytic in U with
where k is a real number and k ≥ 1.
Lemma 2 ([5]). If an analytic function f has the form f
then f is univalent in U.
Lemma 3 ([6]
). Let β be the complex number, ℜ(β) > 0, and α be a complex number, |α| ≤ 1,
is regular and univalent in U.
In the present paper, we obtain certain sufficient conditions for the univalence and inequalities of the normalized Bessel functions (1.4).
Main results
By using Lemmas 1 and 2, we first prove the following theorem. 
Proof. Define a function w(z) by
Then it follows from (1.4) that w(z) is analytic in U and w(0) = 0. Differentiation from (2.5) gives
.
Hence from (2.5) and (2.6), we have
. then from Lemma 1, we have (1.7). Therefore, letting w(z 0 ) = e iθ in each of (2.7)-(2.10), we obtain that
14) which contradict our assumption (2.1)-(2.4), respectively. Therefore, |w(z)| < 1 holds true for all z ∈ U, then from (2.5),
we have
which in view of Lemma 2, shows that K ν,c (z) is univalent in U. This proves Theorem 1.
Remark. We observe here that the results of Theorem 1, can also be obtained by setting
in the known results due to [7, p. 361, Corollary 3.2].
Next we prove the following theorem.
Here w(z) is analytic in U and w(0) = 0. Differentiation of (2.16) gives . Proof. Let φ(r, s, t) = φ 1 (r, s, t) = s.
It is obvious that φ 1 (r, s, t) ∈ Φ with D = C 3 . By iteration of Theorem 4 applied to φ 1 (r, s, t), we obtain the desired result.
